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The isotropic theory of viscoplasticity based on overstress does not use a 
yield surface or a loading and unloading criterion. 
depends on overstress, the difference between the stress and the equilibrium stress, 
and is assumed to be rate-dependent. 
elastic regions. 

The inelastic strain rate 

Special attention is paid to the modeling of 

For the modeling of cyclic hardening, such as observed in annealed v p e  304 
Stainless Steel, an additional growth law for a scalar quantity which represents 
the rate-independent asymptotic value of the equilibrium stress is added. It is 
made to increase with inelastic deformation using a new scalar measure which differ- 
entiates between nonproportional and proportional loading. 

The theory is applied to correlate uniaxial data under two-step amplitude 
loading including the effect of further hardening at the high amplitude and propor- 
tional and nonproportional cyclic loadings, Results are compared with Corresponding 
experiments. 

INTRODUCTION 

For the modeling of the rate(time)-dependent, cyclic neutral, inelastic 
deformation behavior of metals, the theory of viscoplasticity based on overstress 
(VBO) with a differential growth law for the equilibrium stress was proposed Ill. 
When compared with biaxial experiments it was shown to predict the room temperature 
deformation behavior of an Aluminum alloy under both monotonic and cyclic propor- 
tional and nonproportional loadings 121. 

Some alloys such as annealed copper [ 3 ] ,  Type 304 Stainless Steel [ 4 , 5 1  and 
316L Stainless Steel [ 6 , 7 ]  exhibit complicated cyclic hardening phenomena. For 
their modeling an additional growth law for a scalar quantity is introduced in VBO. 
Its growth with inelastic deformation is governed by a new scalar measure which dif- 
ferentiates between proportional and nonproportional loadings. 
to isotropic hardening in classical plasticity, 
neither an updating rule (or help function) nor a loading-unloading criterion is 
needed in this formulation. 

The effect is similar 
Unlike other approaches, e.g. 163, 

The purposes of the present paper are to give an isotropic formulation of VBO 
applicable for cyclic hardening and to demonstrate its predictive capability in pro- 
portional and nonproportional strain-controlled cyclic loadings, Some results of 
numerical experiments are compared with corresponding room temperature results on 
'Qpe 304 Stainless Steel. 
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The i so t rop ic  formulation cons i s t s  of the following d i f f e r e n t i a l  equations 
and funct ions:  

l + v  l + v  d e = -  s + -- - E - n [ r o ]  (?-E ) * 

* ( 3 )  
1 - 2 v  

t r ( g )  = - E 

= (tr(cin(g i n  2 112  iin)) , 

. 4 . a  a 
+ a5Po - a3(A-Ao) , a2 A* = alpi 

( 7 )  

- (6  6 + 6  6 ) + -  1 6 6 ) i k  jk i l l  j k  1-2V I) kk 7 8  
a + a  = I  and where T 

a - a  - u  ( O < u < l ) .  

zero; a,, a 

tha t  obtained i n  [ 2 ]  with the  exception t h a t  a dependence of J, on A and a 

For c y c l i c  neu t r a l  behavior t he  cons tan ts  ale a , a5 a r e  3 8 7  - -  
and Eqs.(7)-( l l )  are not necessary.  

8 

The system of d i f f e r e n t i a l  equations introduced i n  t h e  above is s imi l a r  t o  
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growth law f o r  A a r e  added. The fonner  ensures  t h a t  t h e  l i n e a r  e l a s t i c  regions 
expand when A increases .  I n  a d d i t i o n  t o  t h e  i n e l a s t i c  s t r a i n  pa th  length  defined 
i n  ( 6 ) ,  two a d d i t i o n a l  s c a l a r  measures a r e  introduced i n  ( 7 )  and (8 ) .  The l a s t  
measure i s  nonzero when t h e  i n e l a s t i c  s t r a i n  and t h e  i n e l a s t i c  s t r a i n  r a t e  a r e  not  
c o l l i n e a r .  This occurs  i n  nonproport ional  loading.  The q u a n t i t y  def ined i n  ( 7 )  
i s  of t h e  same o r d e r  as t h e  one def ined i n  ( 8 )  and accumulates i n  every i n e l a s t i c  
loading .  These q u a n t i t i e s  have been used t o  c o r r e l a t e  experimental  d a t a  [81. 

To i l l u s t r a t e  t h e  c a p a b i l i t y  of t h e  newly proposed growth law f o r  A consider  
two a x i a l - t o r s i o n  tests; one with p r o p o r t i o n a l  s t r t i n i n g  and t h e  o t t e r  w i t h  90" 
out-of-phase s t r g i n i n g .  I t  is c l e a r  t h a t ,  though P i  are not  z e r o ,  P o = O  i n  t h e  
former case  and P o f O  i n  t h e  l a t t e r  case. Therefore Eq.(lO) g i v e s  a d i f f e r e n t  
growth i n  t h e  two cases which i s  r e f l e c t e d  i n  t h e  magnitude of Po. 
two c y c l i c  tests with d i f f e r e n t  s t r a i n  ranges,  aga in  Eq.(lO) e i v e s  a m d i f f e r e n t  growth 
depending on t h e  i n e l a s t i c  s t r a i n  because $In  is included i n  PO and P i .  
can p r e d i c t  a f u r t h e r  hardening a t  t h e  high amplitude under two-step amplitude load- 
i n g  even i f  s a t u r a t i o n  w a s  reached a t  t h e  f i r s t  amplitude.  I f  a small s t r a i n  range 
i s  performed fol lowing a l a r g e  s t r a i n  range i n  t h e  two-step amplitude loading,  t h e  
model p r e d i c t s  a s t a b i l i z e d  stress corresponding t o  t h e  most r e c e n t  l e v e l  i r r e s p e c -  
t i v e  of t h e  p r i o r  h i s t o r y .  Equation (11) is int roduced t o  de lay  t h e  process  of 
reaching t h e  s t a b i l i z e d  va lue .  

If we consider  

The model 

As ide  from t h e s e  q u a l i t a t i v e  p r e d i c t i o n s ,  t h e  d e t a i l s  of deformation behavior 
must be eva lua ted  through numerical  experiments,  The c o n s t a n t s  and f u n c t i o n s  of t h e  
theory w e r e  s e l e c t e d  t o  r e p r e s e n t  t h e  Type 304 S t a i n l e s s  Steel. A l l  numerical  i n t e g r a -  
t i o n s  were performed us ing  IMSL r o u t i n e  DGEAR on an  IBF! AT personal  computer. 

NUMERICAL EXPERIMENTS AND DISCUSSIONS 

The procedure introduced i n  [1,2] f o r  determining t h e  c o n s t a n t s  and f u n c t i o n s  
i s  s t i l l  u s e f u l .  S t a b i l i z e d  stresses f o r  d i f f e r e n t  s t r a i n  ranges under both u n i a x i a l  
and 90' out-of-phase loadings  are necessary f o r  t h e  i d e n t i f i c a t i o n s  of t h e  c o n s t a n t s  
aseoc ia ted  with t h e  growth l a w  f o r  A. 
and f u n c t i o n s  f o r  annealed Type 304 SS are l i s t e d  i n  Table 1. 

The d e t a i l s  can be found i n  [ 9 ] .  The c o n s t a n t s  

. S i m u l a t i o n s  of t h e  fo l lowing  four tests are repor ted ,  a l l  conducted a t  t h e  same 
The f i r s t  test is a two amplitude step-up equiva len t  s t r a i n  ra te  of ce=0.0003 s-l. 

u n i a x i a l  test  wi th  ~ ~ r 0 . 0 0 5 6  f o r  15 c y c l e s  followed by 15 c y c l e s  wi th  ca-0 .008 .  I n  
t h e  second test t h e  sequence of t h e  appl ied  s t r a i n  amplitudes is  reversed. I n  t h e  
t h i r d  t es t  t h e  second block c o n s i s t e d  of a 90' out-of-phase loading  f o r  5 c y c l e s  with 
t h e  same equiva len t  s t r a i n  amplitude as t h e  previous u n i a x i a l  c y c l i n g  t o  near  sa tura-  
t i o n .  
formed with ~ ~ ~ 0 . 0 0 5 6  f o r  5 c y c l e s .  

L a s t l y  a 90" out-of-phase c y c l i c  test without  any p r i o r  deformation w a s  per- 

The r e s u l t s  f o r  t h e  f i r s t  t h r e e  tests a r e  presented i n  F igure  1. The theory 
c o r r e l a t e s  t h e  experimental  r e s u l t  reasonably w e l l  i n  normal c y c l i c  hardening tests 
and g i v e s  s i m i l a r  responses  as repor ted  i n  [ 6 ]  i n  both f u r t h e r  hardening and p a r t i a l  
fad ing  memory cases. 
i n  90 degrees  out-of-phase loading  even when t h e  m a t e r i a l  had almost s a t u r a t e d  under 
propor t iona l  loading  w i t h  t h e  same s t r a i n  range. 
ments [3,5]. It was shown [51  t h a t  t h e  c y c l i c  hardening behavior  dur ing  in-phase 
loading  ( a x i a l ,  t o r s i o n a l  and propor t iona l  loading)  can be correlated on t h e  b a s i s  
of t h e  v .  Mises equiva len t  stress and t h e  accumulated s t r a i n  p a t h  l e n g t h ,  t h e  i n t e g r a l  
of (6) .  The p r e s e n t  theory uses  t h e s e  q u a n t i t i e s ,  see (5) and ( 6 ) .  On t h e  b a s i s  of 

It a l s o  demonstrates t h a t  an a d d i t i o n a l  hardening i s  experienced 

This behavior  is found i n  exper i -  
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t h e  r e s u l t s  i n  F ig .  1 i t  i s  r e a s o n a b l e  t o  assume t h a t  t h e  theory can c o r r e l a t e  t h e  
hardening i n  in-phase loading .  

The c o r r e l a t i o n  f o r  t h e  90" out-of-phase loading  i s  shown i n  F igure  2 where t h e  
exper imenta l  r e s u l t  f o r  t h e  5 t h  c y c l e  i s  a l s o  p l o t t e d .  Comparison of t h e  s a t u r a t i o n  
levels f o r  out-of-phase l o a d i n g  i n  
reached a f t e r  5 c y c l e s )  shows t h a t  they  are almost  equal .  
t h e  s a t u r a t e d  stress was n o t  dependent on p r i o r  h i s t o r y .  This f a c t  i s  r e p r e s e n t e d  
by t h e  p r e s e n t  theory .  Even though t h e  model g i v e s  a c o r r e c t  s t a b i l i z e d  stress i n  
90" out-of-phase l o a d i n g ,  t h e  d e s c r i p t i o n  of t h e  t r a n s i e n t  behavior needs improvement. 

F ig .  1 (Path AB1') and Fig.  2 ( s a t u r a t i o n  i s  almost 
It was found i n  [ 3 ]  t h a t  
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TABLE 1 MATERIAL CONSTANTS AND FUNCTIONS* 

Material c o n s t a n t s :  
= 0.0653 hfPal-ag s-l E = 195000 MPa 

Et = 2000 MPa a4 = 0 .703  
A, = 115 MP a = 41.17 MPas - (  l-a6 1 

v = 0 . 5  a6 = 0.2062 

al 
a2 = 0.925 

V i s c o s i t y  f u n c t i o n :  

&3 

&5 

- (  1-2 1 , a7 = 0 . 4 9 5  

a = 0.505 
= 380000 MPas 

8 

-k k [xJ  = k l ( l +  ) 3 , 
k, a 

k1=314200 s ,  k2=60 MPa, k3=21.98 . 
Shape modulus f u n c t i o n  : 

$[X,Yl = Cl[Y1 + ( c p 1 [ Y l ) e x P ( - c 3 x )  ? 

cl[Y1 = + H2y J 

c2=182500 MPa, c3=0. 0783 MPa-l, H1=74740 MPa, H2=37. 04 

~ ~~ 

* 
A l l  x and y are i n  u n i t s  of  MPa. 
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Figure 1 .  The equivalent r tresr  VO 8ccumlated i n e l a s t i c  s t ra in .  
Solid end dotted liner: theory. 
Strain hirtory: 

OM unFuia l  cyc l ing  v i t h  amplitude increase - 15 cyc ler  v i t h  E a = 0 . 0 0 5 6  f o l l w e d  by 

- 15 cyclea v i t h  Ea-0.008 f o l l w t d  by 

15 cycler v i t h  Ca-0.008; 
OA'B' uniui.1 cycling v i t h  amplitude decrease 

15 cyc les  v i t h  ~ . - 0 . 0 0 5 6 ;  

cycling for 5 cyc les  a t  the same e f f e c t i v e  
rtrain amplitude. 

OAE" uniaxial cycling f o l l w e d  by 90. out-of-phase 

Al l  t e a t s  were perfomed vith ce-0.0003 0-l , 
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Figure 2. The /5 x shear stress VI u i a l  s t r e s s  undFr 90' 
out-of-phase loading with Ce = O.OOS6 and Ce = 0.0003 s-'. 
Sol id  l i n e r :  theory. Experimental data only show the 
Sth cycle. 
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